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Design of Control Law for Rotating Stall Subject
to Actuator Constraints

Craig A. Buhr,∗ Matthew A. Franchek,† and Sanford Fleeter‡

Purdue University, West Lafayette, Indiana 47907

Presented in this paper is an analytical study of the closed-loop stability of rotating stall control in an axial
flow compressor subject to a nonlinear spatial actuation constraint. To account for the actuator constraints during
the design, the problem is formulated as an absolute stability problem for a linearized spatial domain model of
an axial flow compressor in series with the saturation element. In particular, the circle criterion is extended to
accommodate the complex nature of the spatial domain. A graphical interpretation of the circle criterion results,
which allows classical control design techniques to be used in the design of the gain and phase for a complex gain
control law that increases the region of absolute stability guaranteed by this closed-loop system-stability criteria.
This allows for the actuator constraints to be accounted for during the design using classical control techniques. A
comparison of the estimated domain of attraction from the circle criterion and the domain of attraction obtained
through simulation of the full nonlinear compressor model are presented.

Nomenclature
Ar = ratio of injector area to compressor duct area
B = Greitzer B-parameter
G(s) = open-loop linear transfer fuction
k = complex gain control law gain
Lr = unsteady losses across the rotor
Ls = unsteady losses across the stator
n = spatial mode number
β = complex gain control law phase
γn = saturation level
θ = circumferential position
λ = rotor fluid inertia parameter
µ = compressor fluid inertia paramter
τa = actuator time constant
τr = rotor unsteady loss time constant
τs = stator unsteady loss time constant
φ3 = flow coefficient at inlet of compressor
φ j = injection flow coefficient
φ jc = injection command
�isen = isentropic compressor characteristic
�(·, ·) = nonlinearity
(·̂)n = nth Fourier coefficient
(·̄) = mean value
(·)∗ = complex conjugate transpose

I. Introduction

A CTUATOR constraints such as magnitude saturation and rate
saturation can limit achievable closed-loop performance and

stability as predicted by linear system theory. Thus, closed-loop
performance and stability cannot be assessed with linear system
theory unless the actuator never saturates. Stability criteria such
as the circle criterion and Lyaponov-based methods can be used to
incorporate actuator nonlinearities in controller design. In this study,
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an extension of the circle criterion is incorporated in the design of
a control law for rotating stall subject to actuator saturation.

Peak performance and efficiency of compressors often occur at
operating points near the surge line. The surge line is the boundary
between stable and unstable (rotating stall and/or surge) compres-
sor operation under ideal conditions. Rotating stall and surge are
aerodynamic instabilities that degrade compressor performance and
produce large loading effects on the compressor blades. To ensure
stable compressor operation despite less than ideal conditions such
as external disturbances and component deterioration, the compres-
sor is operated at conditions removed from the surge line (surge
margin). Thus, peak performance and efficiency are sacrificed to
guarantee stable operation.

In an attempt to reduce the surge margin required to ensure stable
operation, active feedback control schemes have been developed
for the control of rotating stall. Two-dimensional actuation/sensing
feedback control schemes refer to the use of distributed sensing to
measure spatial flow perturbations in the compressor, which pro-
vides the feedback signal for corrective spatial actuation. These
schemes have been successful at improving compressor behavior
at operating points near the surge line as well as extending the sta-
ble operating range of the compressor. For example, Protz1 used
a feedback linearization technique to design a controller for rotat-
ing stall with air injectors for actuation in which actuator saturation
limited the domain of asymptotic stability. A more common feed-
back control law used for two-dimensional actuation for low-speed
compressors is u = k exp( jβ)y. This control law is a proportional
controller composed of a complex gain where the flow perturbation
created by the two-dimensional actuation u is the sensed spatial
harmonic y augmented in magnitude k and shifted in phase β.

The design of a complex gain controller can be pursued through
a heuristic design approach or a model-based design technique. The
heuristic approach uses an array of sensors around the annulus of
the compressor to detect mass flow deficits. Knowing the approxi-
mate rate at which the mass flow deficit rotates around the annulus,
a suitable phase shift is used such that the mass flow deficit will
be in close proximity to the actuator used to energize the flow. Ex-
amples using arrays of solenoid-actuated air injectors for control
using this type of control scheme can be found in Refs. 2–4. An-
other method of designing a complex gain controller is based on the
evolution of small-amplitude circumferential traveling waves that
arise prior to the development of rotating stall as predicted by the
Moore and Greitzer model.5 The parameters of the control law are
commonly designed by stabilizing the closed-loop eigenvalues of
the linearized version of the Moore Greitzer compressor model for
this feedback system. Examples of control based on a linearized
compressor model using movable inlet guide vanes for actuation
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can be found in Refs. 6–8 and using air injectors for actuation can
be found in Ref. 9. Several actuator/sensor schemes including the
effect of actuator bandwidth for the control of rotating stall with a
complex gain control law are detailed by Hendricks and Gysling.10

The purpose of this paper is to incorporate the spatial domain
actuation magnitude limits on the complex gain control law design
process. In particular, a design process is developed in this paper for
the selection of k and β subject to actuation magnitude limits where
the nonlinear element is defined in the spatial domain. The study is
performed on a linearized spatial domain compressor model in series
with a memoryless nonlinear element representing the actuation
constraint.

To this end, the paper contains the following sections. First, back-
ground on the circle criterion is presented. Then, the problem is
defined. The linearized spatial domain compressor model is then
developed. In the following section, a review of the circle criterion
and domains of attraction are presented. The modified circle crite-
rion is then presented and applied to the compressor model. From
this analysis the design of the control parameters is developed. The
paper ends with a design example and conclusions.

II. Background
Absolute stability guarantees global (local) asymptotic stability

for the class of systems shown in Fig. 1 where the nonlinearity is
memoryless and globally (locally) sector bounded. Methods such as
the circle criterion and Popov criterion provide sufficient conditions
for absolute stability.11,12 The Popov criterion differs from the circle
criterion in that it restricts the sector-bounded nonlinearity to be
time invariant. Thus, the circle criterion addresses a larger class of
nonlinear feedback systems for absolute stability and can be more
conservative for time-invariant nonlinearities.

For the case of local asymptotic stability, it is beneficial to deter-
mine the region about the equilibrium point such that all trajectories
in this region converge to the equilibrium. This region is commonly
referred to as the domain of attraction. An estimate of the domain of
attraction can be derived by finding an attractive invariant subspace
and serves as a measure of performance. Methods for calculating
estimates of the domain of attraction can be found in Refs. 12–14.

A brief review of the multivariable circle criterion and the esti-
mation of the domain of attraction is presented. For a more detailed
discussion of these topics see Ref. 12.

A. Absolute Stability
The circle criterion provides sufficient conditions that guarantee

global (local) absolute stability for the class of feedback systems
depicted in Fig. 1 described by

ẋ(t) = Ax(t) + Bu(t) (1)

y(t) = Cx(t) (2)

u(t) = −�(t, y) (3)

where x ∈ Rn, u, y ∈ R p, A ∈ Rn × n, B ∈ Rn × p, C ∈ R p × n , and the
nonlinear element in the feedback path is memoryless and satisfies
the sector-bound condition of definition 1 globally (locally).

Definition 1, Sector-Bounded Nonlinearity: A memoryless non-
linearity �(·, ·) : [0, ∞) × R p → R p is said to satisfy a sector con-
dition if ∀ t ≥ 0, ∀ y ∈ � ⊂ R p , and

[�(t, y) − Kmin y]T [�(t, y) − Kmax y] ≤ 0 (4)

Fig. 1 Feedback system.

for some real matrices Kmin and Kmax where K = Kmax − Kmin is a
positive definite symmetric matrix and the interior of � is connected
and contains the origin. If � = R p then �(·, ·) satisfies the sector
condition globally.12

Theorem 1, Multivariable Circle Criterion: Consider the system
given by Eqs. (1)–(3), where (A, B) is controllable, (A, C) is ob-
servable, and �(·, ·) satisfies the sector condition Eq. (4) globally.
Then, the system is absolutely stable if

GT (s) = G(s)[I + KminG(s)]−1 (5)

is Hurwitz and

ZT (s) = I + (Kmax − Kmin)G(s)[I + KminG(s)]−1 (6)

is strictly positive real where

G(s) = C(s I − A)−1 B (7)

is the transfer function matrix representation for the linear system
given in Eqs. (1)–(2). If Eq. (4) is satisfied only on a set � ⊂ R p , then
the conditions given on GT (s) and ZT (s) ensure that the system is
absolutely stable with a finite domain.12

B. Domain of Attraction
Domains of attraction are often estimated from a Lyapunov

function. Lyapunov functions allow the stability of a system to
be assessed without directly solving the equations of the system.
For the system in Eqs. (1)–(3), the circle criterion provides suf-
ficient conditions that a P > 0 exists such that V̇ (x) < 0 ∀ x ∈
{x ∈ Rn : y = Cx ∈ �} for the Lyapunov function V (x) = xT Px .
Applying the following theorem to this Lyapunov function provides
an estimate of the domain of attraction.

Theorem 2, Invariant and Attractive Set: Consider the system
ẋ = f (t, x). Suppose there is a continuously differentiable function
V (x), a continuous function W (x), and a scalar c such that 1) V (x)
is radially unbounded and 2) W (x) is such that

V̇ (x) ≤ 0 − W (x) < 0 ∀t when V (x) < c

Then, the set 	c = {x ∈ Rn : V (x) ≤ c} is an invariant and attrac-
tive set for the system ẋ = f (t, x).12

Using Theorem 2 an estimate of the domain of attraction, de-
noted as 	c = {x ∈ Rn : V (x) ≤ V�}, for the system in Eqs. (1)–(3)
satisfying either the circle criterion can be determined by solving

V� = min
x ∈ 


V (x)

where


 = {
x ∈ Rn : y = Cx ∈ �B

}

and �B is the boundary of � defined in Eq. (4).

III. Problem Statement and Actuation
Constraint Description

Consider the spatial domain feedback control problem of extend-
ing the stable operating range for a low-speed axial flow compressor
system through the feedback control of rotating stall. A pictorial
representation of the compressor is shown in Fig. 2 with distributed
sensing [output y(t, θ)] and actuation [input u(t, θ)]. The output
and input are decomposed into its spatial Fourier harmonics:

y(t, θ) =
∞∑

n = 1

Re
(

ŷ∗
n (t)einθ

)
, u(t, θ) =

∞∑

n = 1

Re
(
û∗

n(t)e
inθ

)

where ŷn(t) and ûn(t) are the nth spatial Fourier coefficients of
the output and input, respectively; θ is the annular circumferen-
tial position; and ∗ is the complex conjugate transpose operator.
Utilizing this decomposition, a decoupled linear compressor model
(presented in the following section) is developed relating the nth
spatial mode input un(t, θ) = Re{û∗

n(t)e
inθ } to the nth spatial mode
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Fig. 2 Pictorial representation of compressor.10

a)

b)

Fig. 3 Control without actuation constraint: a) vector representation
and b) distributed actuation for n = 1.

output yn(t, θ) = Re{ŷ∗
n (t)einθ }. This realization of the compressor

model allows an individual spatial mode to be treated as a SISO
(single-input/single-output) regulator control problem.

Now, consider the complex gain control law

ûn(t) = kneiβn ŷn(t) (8)

for actuation of the nth spatial mode subject to a magnitude con-
straint γn . This actuator constraint limits the maximum amplitude
of a spatial mode input as

ûn,sat(t) = sat(|ûn(t)|)
|ûn(t)| ŷn(t) (9)

where

sat(α) =
{

α if α ≤ γn

γn if α > γn

}
(10)

An illustration between the cases without and with the actuation
constraint is presented Figs. 3 and 4, respectively. Shown in Fig. 3 is
the case without the actuation constraint. The vector representation

a)

b)

Fig. 4 Control with actuation constraint γ: a) vector representation
and b) distributed actuation for n = 1.

Fig. 5 Pictorial representation of compressor for modeling.10

in Fig. 3a illustrates the rotation βn and amplification kn of the output
spatial mode vector ŷn by the complex gain control law resulting in
the input spatial mode vector ûn . The resulting distributed represen-
tation of this control action for n = 1 is shown in Fig. 3b. Similarly
consider the same control law with the actuation constraint given
by Eq. (9) shown in Fig. 4. As shown in Fig. 4a, the control law ro-
tates the output spatial mode vector ŷn ; however, the amplification
of the output vector is limited to γn because kn|ŷn| > γn , resulting
in the spatial mode output vector ûn,sat. The resulting distributed
representation of this control action for n = 1 is shown in Fig. 4b.

The objective is to develop a method for designing a stabilizing
complex gain feedback controller to extend the operating range of
the compressor subject to a spatial actuator magnitude constraint.
The design goal is to maximize the region of stability for a given
level of actuation using the estimated domains of attraction from the
modified circle criterion for the measure of performance.

IV. Linearized Model of the Compressor
Consider a compressor equipped with air injection for actuation

and flow sensors. Shown in Fig. 5 is a representation of the compres-
sor with air injectors for control.10 A nonlinear compressor model is
developed in a similar manner as presented in Behnken.3 Lineariza-
tion of this model about the mean flow rate φ̄3 and mean injection
rate φ̄ j results in the following spatial domain compressor model
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given by

ẋn(t, θ) = Fxn(t, θ) +






Ar

ζ |n|τa

1

τa

0

0






ûn(t, θ)

ŷn(t, θ) = [1 0 0 0]xn(t, θ) (11)

where

F =






1

ζ

(
d�isen

dφ3

∣∣∣∣
φ̄3

− Ar φ̄ j + inλ

)
− Ar

ζ
(2φ̄ j − φ̄3 + Ar φ̄ j ) − Ar

ζ |n|τa
− 1

ζ
− 1

ζ

0 − 1

τa
0 0

1

τr

d L rs

dφ3

∣∣∣∣
φ̄3

0 −
(

in + 1

τr

)
0

1

τs

d L ss

dφ3

∣∣∣∣
φ̄3

0 0 − 1

τs






xn(t, θ) = [
φ̂3n φ̂ jn L̂rn L̂sn

]T
, ζ =

(
2

|n| + µ

)

Ar = L j

La
, Lrs(φ3) = (�isen − �css)R

L ss(φ3) = (�isen − �css)(1 − R)

The model represents the relationship between the nth spatial
mode output and the nth spatial mode input. The input ûn(t) = φ̂ jc

is the commanded injection rate. The output ŷn(t) = φ̂3n is the nth
spatial harmonic of the flow perturbation at the inlet of the compres-
sor. The operating point is set by the mean flow coefficient φ̄3. The
mean injection rate φ̄ j is chosen to be 2% of the stall mass flow rate
φ̄3,stall. The isentropic pressure characteristic is denoted by �isen(φ).
The unsteady pressure losses across the rotors and stators are de-
noted by Lr and Ls , respectively. The parameters for the compressor
are based on the compressor C2 in Mansoux et al.15 (see Table 1).
Compressor model maps are as follows:

�isen(φ) = −15.5341φ3 + 24.1238φ2 − 15.0262φ + 4.6951

�css(φ) =





12.117φ2 − 2.423φ + 0.221 φ ≤ 0.1

−49.624φ3 + 39.509φ2 − 6.413φ + 0.395 0.1 < φ ≤ 0.4

−10.0695φ2 + 9.430φ − 1.184 0.4 < φ

Table 1 Compressor model parameters

Variable Value

φ3,stall 0.460
φ j 0.467
B 0.1
µ 1.29
m 2
R 0.75
τs 0.37
τr 0.37
τa 0.1
λ 0.68
lc 6.66
li 2.99
Ar 0.0197

V. Main Results
This work is concerned with extending the stable operating range

of the compressor using the feedback control law, Eq. (8), subject
to the actuation constraint of Eq. (9). The study is performed on a
linearized compressor model in series with a memoryless nonlinear
element representing the actuation constraint. Closed-loop stability
for this feedback structure can be addressed using absolute stability
theory.

A. Modified Circle Criterion
One of the benefits of the circle criterion is that for SISO sys-

tems there is a graphical interpretation. This graphical interpretation

manifests itself as a constraint when using classical linear controller
design techniques of loop shaping. Thus, stability with respect to
the sector-bounded nonlinearity can be guaranteed using classical
control techniques during the design. However, because the circle
criterion applies to real coefficient models, a modified circle crite-
rion is developed to facilitate the design process.

Definition 2, Disc D(kmin, kmax) : A disc D(kmin, kmax) is a cir-
cle in the s-plane with diameter (−1/kmax + 1/kmin) and center at
(−1/kmax − 1/kmin)/2.

Theorem 3, Modified Circle Criterion: Consider the feedback
system depicted in Fig. 1:

ẋ(t) = Ax(t) + Bu(t) (12)

y(t) = Cx(t) (13)

u(t) = −�(t, y) = −�̃(t, y)y (14)

where x ∈ Cn , u, y ∈ C1, (A,B) is controllable, (A,C) is observable,
G(s) = C(s I − A)−1 B is the transfer function of the linear element,
and �̃(·, ·) : [0, ∞) × C1 → R1 is a memoryless nonlinearity satis-
fying 0 ≤ kmin < �̃(t, y) < kmax. Then, the system is absolutely sta-
ble if either of the following is satisfied:

1) If 0 = kmin < kmax, G(s) is Hurwitz and the polar plot of G( jω)
lies to the right of the vertical line defined by Re{s} = −1/kmax.

2) If 0 < kmin < kmax, the polar plot of G( jω) does not enter the
disk D(kmin, kmax) and encircles the disk counterclockwise n times,
where n is the number of poles of G(s) with positive real parts.

If the condition 0 ≤ kmin < �̃(t, y) < kmax is satisfied only on a
set � ⊂ C1, then the conditions ensure that the system is absolutely
stable with a finite domain.

Proof: See Appendix.

B. Formulation of the Feedback Structure for Circle Criterion
Shown in Fig. 6 is the block-diagram representation of the feed-

back control structure for the compressor with a complex gain con-
trol law subject to a nonlinear actuation constraint. Before the mod-
ified circle criterion can be applied, the block diagram in Fig. 6
must be formulated into the feedback structure shown in Fig. 1.
Consequently, the gain kn of the control law will be included in the
nonlinear element, giving

�(wn) = sat(kn|wn(t)|)
|wn(t)| wn(t) (15)
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Fig. 6 Formulation of compressor control problem for application of
the modified circle criterion.

Fig. 7 Frequency response of G′
1(s) with β = 0 deg.

where sat(·) is defined in Eq. (10) and can be locally sector bounded
on the set

� =
{
wn ∈ C1 : ‖wn‖2 ≤ γn/kmin

}
(16)

where kmax ≥ kn > kmin. The spatial phase shift βn of the control law
is included with the compressor dynamics as

Wn(s)

Un(s)
= G ′

n(s) = Gn(s)e
iβn (17)

Because eiβn is an unitary operator, ‖yn‖2 = ‖wn‖2 where ‖ · ‖2 is
the Euclidean norm of (·).

C. Feedback Control Design Procedure
The design objectives of the control are twofold. First the es-

timated domain of attraction 	V�
is to be maximized. Because

	V�
⊆ {x : Cx ∈ �}, the goal is to design the control parameters

such that kmin is minimized, thus maximizing the set � given in
Eq. (16). Second, to reduce actuator requirements, it is desired to
have kn .

Given that the system is in the appropriate feedback structure
in Fig. 1, the design procedure evolves from achieving the design
objectives subject to satisfying the conditions of the modified circle
criterion. This results in a constrained optimization problem of the
parameter β ∈ [0 deg, 360 deg) such that kmin is minimized subject
to the modified circle criterion conditions.

An example is presented to illustrate the design utility of the mod-
ified circle condition. For a given operating point φ̄3, it is desired
to minimize kmin, thus maximizing � in Eq. (16). To illustrate the
effect of the control parameter β, consider the case with φ̄3 = 0.45
with kmax = 25 for the system given in Eq. (17). Shown in Fig. 7
is frequency response of G ′(s) with β = 0◦. For absolute stability
G ′(s) must encircle the disc D(kmin, kmax = 25) defined from the
sector bounds. Thus, the smallest kmin that satisfies the circle cri-
terion is kmin = 21.05. Recall that β is a spatial phase shift; that is,
it rotates the frequency response plot in the s-plane about the ori-
gin. Thus, with the same kmax = 25 by selecting β = −31 deg, the
frequency response G ′(s) is rotated such that it encircles the disc
D(kmin, kmax = 25), as shown in Fig. 8 with a kmin = 18.19. There-
fore, the parameter β can be chosen graphically to minimize kmin.

Fig. 8 Frequency responses of G′
1(s) with β = 0 deg, −, and

β = −−31 deg, −·, φ= 0.45.

Fig. 9 Norm-bounded subset of ΩVΓ .

This example illustrates the role the control parameter β has in
maximizing the set �.

D. Design Example
An extension of the design procedure presented in the previous

section can be used to design a fixed parameter controller for several
operating points. The design procedure is illustrated by an example.
Consider the case with several operating points. The first spatial
mode open-loop transfer function G ′

1(s, φ̄) is unstable (one unstable
pole) for φ̄ = 0.46, 0.455, 0.45, and 0.448 and stable for φ̄ = 0.48 and
0.47. Using the controller design procedure of the preceding section,
β1 is designed such that kmin(φ̄) is minimized for each operating
point. Because the controller parameters are constant, the upper
sector bound kmax is set equal to k1, which is the minimum value of
kmax such that �̃(t, y) ≤ kmax. Therefore, the frequency responses
for the unstable plants must encircle the disc D(kmin, kmax = k1) and
frequency responses for the stable plants must lie to the right of
−1/k1.

Shown in Fig. 7 are the frequency responses for G ′
1(s) for the

controller phase shift of β1 = 0 deg. Notice that for a fixed con-
troller structure where β1 = constant, minimizing kmin(φ̄) cannot
be satisfied for all operating points simultaneously. For example,
β1 = −32 deg produces the smallest possible kmin for φ̄ = 0.448 and
β1 = −30 deg produces the smallest possible kmin for φ̄ = 0.455
as shown in Fig. 7. Therefore, the controller phase shift could be
chosen based on which operating points are most significant for the
particular application. This limitation could be alleviated by using
a gain-scheduling approach. For this example, β1 was designed to
be β1 = −30 deg. From Fig. 7 the controller gain k1 must satisfy
k1 > 21.35, which is the smallest gain to simultaneously satisfy the
encirclement condition for all unstable operating points in the set.
The gain k1 for this example is chosen to be 25 and kmax = 25. Using
Theorem 2 with kmax = 25 and β1 = −30 deg, the norm-bounded
subset of 	V�

is shown in Fig. 9 for the circle criterion. This norm-
bounded subset is the estimated domain of attraction represent-
ing a measure of achievable performance subject to the actuator
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Fig. 10 Norm-bounded subset of ΩVΓ .

Fig. 11 Optimal controller phase predicted by the circle criterion, �,
and found through simulation of nonlinear system, �.

nonlinearity. Note that if the actuator nonlinearity is neglected, lin-
ear stability theory predicts that all the operation points considered
are globally asymptotic stable.

Shown in Fig. 10 is a comparison of the estimated domain of
attraction from the circle criterion and those found through sim-
ulation (using Simulink and MATLAB®) of the nonlinear model
with and without control. This plot reveals that the circle criterion
overestimates the domains of attraction of the full nonlinear com-
pressor model, particularly at open-loop stable operation points and
operating points nearby where the circle criterion predicts global
asymptotic stability. The differences can be attributed to nonlinear-
ities of the compressor model that are neglected in the circle crite-
rion analysis. As the region about the linearization is expanded, the
nonlinear terms of the compressor model become more prominent.
This is one of the difficulties that arises in attempting to increase
the domain of attraction for a nonlinear system utilizing a linearized
model. Despite these differences, an increase in performance of the
nonlinear model across all operating points was achieved with the
controller designed using the circle criterion as shown in Fig. 10.

A comparison of the optimal controller phase found through sim-
ulation of the nonlinear compressor model and that designed using
the modified circle criterion for several operating points is shown in
Fig. 11. The comparison reveals that the modified circle criterion de-
sign corresponded well to the optimal controller phase at lower flow
coefficients. However, as the flow coefficient approaches open-loop
stable operating points, the designed and optimal controller phase
begins to deviate where the nonlinear effects of the compressor
model are more prominent.

VI. Conclusion
Presented in this paper is a controller design methodology for ro-

tating stall that includes memoryless sector-bounded actuator non-
linearities (i.e., actuator saturation) defined in the spatial domain.
The circle criterion was extended to accommodate the spatial do-

main model structure thereby resulting in a graphical solution used
to facilitate the design process. The benefit of the graphical solution
is that it allows actuator nonlinearities to be accounted for while us-
ing classical linear controller design techniques during the design.
The application of the circle criterion illustrates the limitations on
performance as a direct result of the spatial domain actuation non-
linearity. The complex gain control law was then incorporated into
the analysis. From the analysis, a methodology was provided for the
design of the control parameters kn and βn in the presence of lim-
ited control authority. The comparison between the circle criterion
analysis with the results of the simulated nonlinear model revealed
that the neglected nonlinear compressor dynamics cause the circle
criterion to overestimate the domains of attraction. However, the
control law developed using this design procedure was shown to
increase the performance of the nonlinear compressor model across
all operating points.

In this study a low-speed compressor was considered so that it
could be assumed that the spatial modes were decoupled for the
linearized model resulting in SISO systems. Doing so allows the
graphical interpretation of the modified circle criterion to be applied.
Although only the case n = 1 was presented, the criteria can be
applied to the other spatial modes as well.

Appendix: Modified Circle Criterion Proof
Lemma 1: Let Z(s) be a p × p rational transfer function matrix,

and suppose det[Z(s) + Z T (−s)] is not identically zero. Then, Z(s)
is strictly positive real if and only if

1) Z(s)is Hurwitz,
2) Z(∞) + Z T (∞) > 0, and
3) Z( jω) + Z T (− jω) > 0, ∀ ω ∈ R.
Proof: See Khalil.12

Lemma 2: Let G RC (s) be a real coefficient rational transfer func-
tion. Then, everywhere G RC (s) is analytic, G RC (s) = G∗

RC (s) where
∗ is the complex conjugate transpose operator.

Proof: Because G RC (s)is a real coefficient rational transfer func-
tion it can be written in the following form:

G RC (s) =
∏

k (s + ak)
∏

l (s + cl + idl)(s + cl − idl)∏
m (s + bm)

∏
n (s + en + i fn)(s + en − i fn)

where ak, bm, cl , dl , en, fn ∈ R. Therefore,

G RC (s∗) =
∏

k

(
s∗ + ak

)∏
l

(
s∗ + cl + idl

)(
s∗ + cl − idl

)

∏
m

(
s∗ + bm

)∏
n

(
s∗ + en + i fn

)(
s∗ + en − i fn

)

G RC (s∗) =
∏

k (s + ak)
∗ ∏

l (s + cl − idl)
∗(s + cl + idl)

∗
∏

m (s + bm)∗ ∏
n (s + en − i fn)∗(s + en + i fn)∗

G RC (s∗) = G∗
RC (s)

Lemma 3: Consider the following complex coefficient ra-
tional transfer functions G(s) = G R(s) + iG I (s) and F(s) =
G R(s) − iG I (s) where G R(s) and G I (s) are real coefficient ra-
tional transfer functions. Then Re{G(s∗)} = Re{F(s)} everywhere
that G R(s) and G I (s) are analytic where ∗ is the complex con-
jugate transpose operator and Re{·} denotes the real part of
{·}. Furthermore, for some κ ∈ R, if Re{G( jω)} > κ ∀ ω ∈ R then
Re{F( jω)} > κ ∀ ω ∈ R provided G(s) is analytic on the imaginary
axis.

Proof: Note that G∗(s) �= G(s∗). However, from Lemma 2,
G∗

R(s) = G R(s∗) and G∗
I (s) = G I (s∗) because G R(s) and G I (s) are

real coefficient rational transfer functions. Then,

G(s∗) = G R(s∗) + iG I (s
∗) = G∗

R(s) + iG∗
I (s)

= [G R(s) − iG I (s)]
∗

= F∗(s)
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This implies Re{G(s∗)} = Re{F(s)}. It follows directly if
Re{G( jω)} > κ ∀ ω ∈ R, then Re{F( jω)} > κ ∀ ω ∈ R.

Lemma 4: Consider the nonlinearity

�(t, y) = �̃(t, y)y

where �̃(·, ·) : [0, ∞) × R2 → R1 is a memoryless nonlinearity. If
�̃(·, ·) satisfies 0 ≤ kmin < �̃(t, y) < kmax ∀ t ≥ 0 on a set � ⊆ R2

that is connected and contains the origin, then the nonlinearity
�(t, y) satisfies the sector condition on � with Kmin = kmin I and
Kmax = kmax I .

Proof: Applying Definition 1 requires that

[�(t, y) − Kmin y]T [�(t, y) − Kmax y] ≤ 0, ∀ t ≥ 0, ∀y ∈ �

Therefore, it follows directly that

[�(t, y) − Kmin y]T [�(t, y) − Kmax y]

= [
�̃(t, y) − kmin

]T [
�̃(t, y) − kmax y

]
yyT ≤ 0

on the set � because 0 ≤ kmin < �̃(t, y) < kmax ∀ y ∈ � and
yyT ≥ 0, ∀ y.

Proof of Theorem 3: To prove Theorem 3, first an equivalent real-
coefficient multivariable absolute stability problem is constructed.
Second, it is necessary to show that if either condition 1 or 2 of
Theorem 3 is satisfied, then the multivariable circle criterion is sat-
isfied for the equivalent real coefficient system.

The SISO complex coefficient feedback system Eqs. (12)–(14)
can be represented as the real coefficient 2 × 2 MIMO feedback
system, Eqs. (1)–(3). This realization is accomplished by defining
the new state variable x̃(t) = [Re{x(t)}, Im{x(t)}]T , the new output
variable ỹ(t) = [Re{y(t)}, Im{y(t)}]T , and the new input variable
ũ(t) = [Re{u(t)}, Im{u(t)}]T where Re{·} and Im{·} represent the
real and imaginary component of {·}, respectively. The resulting
system equations are

˙̃x(t) = Ãx̃(t) + B̃ũ(t)

ỹ(t) = C̃ x̃(t)

ũ(t) = −�̃(t, ỹ)ỹ

where

Ã =
[

Re{A} −Im{A}
Im{A} Re{A}

]
, B̃ =

[
Re{B} −Im{B}
Im{B} Re{B}

]

C̃ =
[

Re{C} −Im{C}
Im{C} Re{C}

]

and �̃(·, ·) : [0, ∞) × R2 → R1. Similarly the Laplace transform
of linear dynamics of the complex coefficient SISO system (12)
and (13) given by Y (s) = G(s)U (s) = [G R(s) + iG I (s)]U (s) can
be written in terms of the new variables as

Ỹ (s) = G̃(s)Ũ (s) = C̃(s I − Ã)−1 B̃Ũ (s)

=
[

G R(s) −G I (s)

G I (s) G R(s)

]
Ũ (s)

Furthermore, by applying Lemma 4, the nonlinearity �(t, ỹ) =
�̃(t, ỹ)ỹ is shown to be sector bounded on � with Kmin = kmin I
and Kmax = kmax I , because 0 ≤ kmin < �̃(t, y) < kmax on �. Using
this equivalent real coefficient feedback system, the remaining por-
tion of the proof proceeds by showing that conditions of Theorem 3
satisfy the multivariable circle criterion (Theorem 1) for this equiv-
alent system.

Proof for Condition 1 of Theorem 3: With the equivalent real-
coefficient multivariable system defined, it is sufficient to show
that the multivariable circle criterion (Theorem 1) is satisfied for
the equivalent real-coefficient system if the following conditions
on G(s) are met: 1) G(s) is Hurwitz and strictly proper and

2) Re{G( jω)} > −1/kmax for kmin = 0 and kmax > 0. For the cir-
cle criterion to be satisfied Z̃(s) = I + K G̃(s) must be Hurwitz and
strictly positive real where K = k I = kmax I and G̃(s) is the real co-
efficient transfer function matrix representation of G(s).

First, det[Z̃(s) + Z̃ T (−s)] is not identically zero because a strictly
proper G(s) implies G(∞) → 0 and G(−∞) → 0. This implies
G̃(∞) → 0 and G̃(−∞) → 0, thus Z̃(∞) → I and Z̃(−∞) → I . As
a result, det[Z̃(∞) + Z̃ T (−∞)] → 2I , and therefore the conditions
of Lemma 1 can be used to show that Z̃(s) is strictly positive real
and Hurwitz. To conclude the proof it is necessary to show that
Theorem 3 satisfies the three conditions of Lemma 1:

Satisfying condition 1 of Lemma 1: A Hurwitz G(s) implies G̃(s)
is Hurwitz, which implies Z̃(s) = I + K G̃(s) is Hurwitz.

Satisfying condition 2 of Lemma 1: A strictly proper G(s) implies
G(∞) → 0, which implies G̃(∞) → 0, thus Z̃(∞) → I . Therefore,
[Z̃(∞) + Z̃ T (∞)] → 2I > 0.

Satisfying condition 3 of Lemma 1: Let G(s) = G R(s) + iG I (s)
and F(s) = G R(s) − iG I (s) where G R(s) and G I (s) are real coef-
ficient transfer functions. Let G R(s) = a + ib and G I (s) = c + id
where a, b, c, d ∈ R are dependent on s.

A hermitian matrix M is positive definite if and only if all the
eigenvalues of M are greater than zero.16 Clearly Z̃(s) + Z̃∗(s)
is hermitian; therefore, Z̃( jω) + Z̃∗( jω) > 0 if and only if
all the eigenvalues of Z̃(s) + Z̃∗(s) are greater than zero for
s = jω ∀ ω ∈ R.

To show this, consider

Z̃(s) + Z̃∗(s) = I + k I

[
a + ib −c − id

c + id a + ib

]
+ I

+ k I

[
a − ib c − id

−c + id a − ib

]

Z̃(s) + Z̃∗(s) = 2k






1

k
+ a −id

id
1

k
+ a






Eigenvalues of Z̃(s) + Z̃∗(s) are the values of λ satisfying
∣∣∣∣∣∣∣

λ − 1

k
− a id

−id λ − 1

k
− a

∣∣∣∣∣∣∣
= 0

Let γ = λ − 1

k
, then

∣∣∣∣
γ − a id

−id γ − a

∣∣∣∣ = γ 2 − 2aγ + a2 − d2 = 0

then

γ1 = a + d, γ2 = a − d

Therefore, λ > 0 ⇔ γ > −1/k ⇔ a + d = Re{F(s)} > −1/k and
a − d = Re{G(s)} > −1/k. Using Lemma 3, Re{G( jω)} >−1k, ∀ ω
implies Z̃( jω) + Z̃∗( jω) > 0, ∀ ω.

Proof for Condition 2 of Theorem 3: Similarly, it is sufficient
to show that the multivariable circle criterion (Theorem 1) is
satisfied for the equivalent real-coefficient system if the follow-
ing conditions on G(s) are met: 1) G(s) is strictly proper and
2) the polar plot of G( jω) does not enter the disk D(kmin, kmax)
and encircles the disk counterclockwise n times, where n is the
number of poles of G(s) with positive real parts. For the multivari-
able circle criterion to be satisfied, G̃T (s) (defined in Theorem 1)
must be Hurwitz and Z̃T (s) = I + K G̃T (s) must be Hurwitz and
strictly positive real where K = k I = (kmax − kmin)I and G̃T (s)
is the real coefficient transfer function matrix representation of
GT (s) = G(s)[I + kminG(s)]−1. Because G(s) is strictly proper,
GT (s) is strictly proper. Also GT (s) is Hurwitz because G(s) has
n number of unstable poles and G( jω) encircles the −1/kmin point
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n times counterclockwise. Therefore, G̃T (s) is strictly proper and
Hurwitz.

The proof follows the same process as for condition 1 of
Theorem 3. The resulting condition for the circle criterion to be satis-
fied is Re{GT ( jω)} > −1/(kmax − kmin), ∀ ω. This condition can be
rewritten as Re{[1 + kmaxG( jω)][1 + kminG( jω)]−1} > 0, ∀ ω and
is satisfied if G( jω) does not enter the disk D(kmin, kmax).
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